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Analytic solution for kinetic equilibrium of
beta-processes in nucleonic plasma with
relativistic pairs
G.S. Bisnovatyi-Kogan, ∗
Abstract
The analytic solution is obtained describing kinetic equilibrium of
the β-processes in the nucleonic plasma with relativistic pairs. The
nucleons (n, p) are supposed to be non-relativistic and non-degenerate,
while the electrons and positrons are ultra-relativistic due to high
temperature (T > 6·109K), or high density (ρ > µ106g/cm3), or both,
where µ is a number of nucleons per one electron. The consideration
is simplified because of the analytic connection of the density with the
electron chemical potential in the ultra-relativistic plasma, and Gauss
representation of Fermi functions. Electron chemical potential and
number of nucleons per one initial electron are calculated as functions
of ρ and T .
1 Introduction
During a collapse, leading to a formation of a neutron star, the matter passes
states with very high temperatures and densities, and intensive birth of neu-
trino. While in the hot core of the new born neutron star the neutrino opacity
is large enough, to establish a thermodynamic equilibrium to beta processes,
the regions outside the neutrinosphere are almost transparent to neutrino,
so the thermodynamic equilibrium cannot be established. It was shown in
[6], that the characteristic time of the neutrino processes outside the neutri-
nosphere can be much smaller than the characteristic hydrodynamic time.
In this conditions the kinetic equilibrium is established, so that the ratio
between neutrons and protons is determined by the conditions of the kinetic
equilibrium, where the birth rate of protons (neutrons) in equal to its death
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rate. The detailed investigation of the kinetic equilibrium for the pure nucle-
onic (n−p) gas had been done numerically in [6] for a general case. Particular
cases of the kinetic β equilibrium in a cold pne−, and a hot pne± gases have
been considered numerically in [10], where the author described the kinetic
β equilibrium approximately, in terms of the relations between the chemical
potentials of nucleon and pairs, similar to [5]. The precision of this approach
is rather moderate at high densities.
Here the same problem is considered for the case of ultrarelativistic pairs
with non-relativistic and non-degenerate nucleons. This case is considered
without any other simplifications, and occurs to be rather simple, due to
analytic connection of the matter density ρ with the chemical potential of
the electrons µe, found in [9], see also [7].
2 β reaction rates
Let us consider kinetic equilibrium for ultrarelativistic pairs to the following
processes
e− + p→ n+ νe, (a) (1)
e+ + n→ p+ ν˜e. (b)
The probabilities of the reactions (1) for infinitely heavy nucleons are written
as [6, 2]
W (a) =
ln 2
(Ft1/2)n
(
kT
mec2
)5
I2, (2)
W (b) =
ln 2
(Ft1/2)n
(
kT
mec2
)5
J2.
Here (Ft1/2)n ≈ 1200 is the characteristic value for the neutron decay. The
integrals I2 and J2 are defined as
I2 =
∞∫
0
x2(x+ x0)
√
(x+ x0)2 − α2 dx
1 + exp(x+ x0 − β) , (a) (3)
J2 =
∞∫
0
(x+ x0 + α)
2(x+ α)
√
x2 + 2αx dx
1 + exp(x+ α + β)
. (b)
Here
x0 = ∆np/kT, ∆np = mn −mp ≈ 1.29MeV,
2
α = mec
2/kT, β = µe/kT. (4)
For the positrons the chemical potential µe+ = −µe. In the upper integral
(3) let us define (x = Ee/kT − x0), and in the lower one (x = Ee+/kT − α),
(Eee+ =
√
p2c2 +mec2), p is the electron(positron) momentum.
In the ultrarelativistic plasma x+ x0 ≫ α in the case (a), and x≫ α in
the case (b). Therefore the integrals (3) are reduced to
I2 =
∞∫
0
x2(x+ x0)
2 dx
1 + exp(x+ x0 − β) , (a) (5)
J2 =
∞∫
0
(x+ x0)
2x2 dx
1 + exp(x+ β)
. (b)
Introducing Fermi integrals
Fn(α) =
∫
∞
0
xndx
1 + exp(x− α) , (6)
let us write the integrals in (5) as
I2 = F4(β − x0) + 2x0F3(β − x0) + x20F2(β − x0), (7)
J2 = F4(−β) + 2x0F3(−β) + x20F2(−β).
In presence of ultrarelativistic pairs in thermodynamic equilibrium, there is
an analytic expression, connecting the non-dimensional chemical potential β
with the matter density ρ, temperature T , and the number of nucleons per
one original electron µ = np+nn
np
in the nucleonic medium, written as [9, 7, 2]
ρ
µmp
=
1
3pi2
(
kT
h¯c
)3
(β3 + pi2β). (8)
3 Kinetic beta equilibrium
In presence of ultrarelativistic pairs the kinetic beta equilibrium is provided
by the electron and positron captures, and the input from the neutron decay
is negligible. In this conditions the equation of the kinetic beta equilibrium
is written as
npW
(a) = nnW
(b), µ = 1 +
W (a)
W (b)
= 1 +
I2
J2
. (9)
In the ultrarelativistic case thermodynamic functions as functions of ρ and
T depend on the combination ρ/T 3. Introducing a non-dimensional variable
3
Z = 3pi2
ρ
mp
(
h¯c
kT
)3
, (10)
it follows from (8) and (9) the equation, determining a dependence β(Z, x0)
in the conditions of the kinetic beta equilibrium
Z = (β3 + pi2β)
(
1 +
I2
J2
)
, (11)
where the integrals I2(β, x0) and J2(β, x0) are defined in (7). The chemical
composition, represented by the value of µ is determined than as
µ =
Z
β3 + pi2β
. (12)
The dependences β(ρ)|T and µ(ρ)|T in the kinetic beta equilibrium are pre-
sented in Figs. 1 - 5.
The same dependences are represented in Tabs.1-3. The results repre-
sented in Figs. 1 - 5 and Tabs.1-3 coincide with numerical results from [6],
presented in Figs 1-3 of this paper.
4 Discussion
Note, that the paper [6] all integrals and algebraic equations, for the compo-
sition of the nucleonic plasma in kinetic beta equilibrium, have been solved
numerically for a general case, while here a semi-analytical solution for the
ultrarelativistic case is obtained. The dependence β(ρ) was obtained in [10]
using approximate approach, also for the ultrarelativistic pair conditions, the
consideration here is exact for this case. The consideration for the kinetic
beta equilibrium with ultrarelativistic pairs may be generalized for the mix-
ture of nuclei in a nuclear equilibrium. In this we have several parameters
xzz′ = ∆ZZ′/kT . The account of the analytic connection between β, ρ and µ
in the ultrarelativistic conditions, should simplify the calculations, performed
in [4] numerically for the general case.
The kinetic beta equilibrium is applied to the regions around the neutri-
nosphere, in core- collapse supernovae calculations. The temperature Tν and
density ρν at the neutrinosphere have been calculated in [8], giving
Tν = 4.5 · 1010 − 6.3 · 1010 K, (13)
ρν = 3 · 1011 − 3 · 1012 g/cm3.
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Table 1: The dependence of the non-dimensional chemical potential β =
µe/kT , and the number of nucleons per one initial electron µ = 1 +
nn
np
, as
a function density ρ, for fixed values of temperature, T = 1010 K (left), and
T = 2·1010 K (right), in the kinetic beta equilibrium with the ultrarelativistic
pairs, in the nucleonic plasma, with ∆np = 1.293 MeV (corresponding to
1.5 · 1010 K).
T (K) ρ(g/cm3) β µ T (K) ρ(g/cm3) β µ
1010 5.72 · 103 10−4 1.23 2 · 1010 5.50 · 104 10−4 1.48
1010 5.72 · 104 10−3 1.23 2 · 1010 5.51 · 105 10−3 1.48
1010 2.86 · 105 0.005 1.23 2 · 1010 2.76 · 106 0.005 1.49
1010 5.74 · 105 0.01 1.24 2 · 1010 5.54 · 106 0.01 1.49
1010 1.15 · 106 0.02 1.24 2 · 1010 1.11 · 107 0.02 1.50
1010 2.91 · 106 0.05 1.25 2 · 1010 2.84 · 107 0.05 1.53
1010 5.95 · 106 0.1 1.28 2 · 1010 5.89 · 107 0.1 1.58
1010 1.25 · 107 0.2 1.34 2 · 1010 1.28 · 108 0.2 1.71
1010 2.84 · 107 0.4 1.50 2 · 1010 3.10 · 108 0.4 2.05
1010 5.04 · 107 0.6 1.75 2 · 1010 5.89 · 108 0.6 2.55
1010 8.32 · 107 0.8 2.10 2 · 1010 1.04 · 109 0.8 3.29
1010 1.35 · 108 1 2.63 2 · 1010 1.79 · 109 1 4.38
1010 4.56 · 108 1.5 5.33 2 · 1010 6.78 · 109 1.5 9.91
1010 1.62 · 109 2 12.4 2 · 1010 2.54 · 1010 2 24.3
1010 5.87 · 109 2.5 30.9 2 · 1010 9.30 · 1010 2.5 61.3
1010 2.09 · 1010 3 78.5 2 · 1010 3.31 · 1011 3 155
1010 7.25 · 1010 3.5 199 2 · 1010 1.13 · 1012 3.5 389
1010 2.43 · 1011 4 499
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Table 2: The same, as in Tab.1, for fixed values of the temperature, T =
6 · 1010 K (left), and T = 2 · 1011 K (right).
T (K) ρ(g/cm3) β µ T (K) ρ(g/cm3) β µ
6 · 1010 1.79 · 106 10−4 1.78 2 · 1011 7.17 · 107 10−4 1.93
6 · 1010 1.79 · 107 10−3 1.79 2 · 1011 7.17 · 108 10−3 1.93
6 · 1010 8.98 · 107 0.005 1.79 2 · 1011 3.60 · 109 0.005 1.94
6 · 1010 1.80 · 108 0.01 1.80 2 · 1011 7.24 · 109 0.01 1.95
6 · 1010 3.64 · 108 0.02 1.82 2 · 1011 1.46 · 1010 0.02 1.97
6 · 1010 9.35 · 108 0.05 1.86 2 · 1011 3.76 · 1010 0.05 2.02
6 · 1010 1.96 · 109 0.1 1.95 2 · 1011 7.92 · 1010 0.1 2.13
6 · 1010 4.34 · 109 0.2 2.16 2 · 1011 1.77 · 1011 0.2 2.37
6 · 1010 1.10 · 1010 0.4 2.71 2 · 1011 4.57 · 1011 0.4 3.03
6 · 1010 2.20 · 1010 0.6 3.52 2 · 1011 9.21 · 1011 0.6 3.99
6 · 1010 4.03 · 1010 0.8 4.72 2 · 1011 1.71 · 1012 0.8 5.41
6 · 1010 7.16 · 1010 1 6.48 2 · 1011 3.06 · 1012 1 7.49
6 · 1010 2.84 · 1011 1.5 15.4 2 · 1011 1.23 · 1013 1.5 18.0
6 · 1010 1.08 · 1012 2 38.4 2 · 1011 4.71 · 1013 2 45.1
6 · 1010 3.98 · 1012 2.5 97.1
6 · 1010 1.41 · 1013 3 245
Table 3: The same, as in Tab.1, for fixed values of the temperature, T =
6 · 1011 K (left), and T = 1.5 · 1012 K (right).
T (K) ρ(g/cm3) β µ T (K) ρ(g/cm3) β µ
6 · 1011 1.79 · 106 10−5 1.78 1.5 · 1012 7.17 · 107 10−5 1.93
6 · 1011 1.79 · 107 10−4 1.79 1.5 · 1012 7.17 · 108 10−4 1.93
6 · 1011 8.98 · 107 10−3 1.79 1.5 · 1012 3.60 · 109 10−3 1.94
6 · 1011 1.80 · 108 0.005 1.80 1.5 · 1012 7.24 · 109 0.005 1.95
6 · 1011 3.64 · 108 0.01 1.82 1.5 · 1012 1.46 · 1010 0.01 1.97
6 · 1011 9.35 · 108 0.02 1.86 1.5 · 1012 3.76 · 1010 0.02 2.02
6 · 1011 1.96 · 109 0.05 1.95 1.5 · 1012 7.92 · 1010 0.05 2.13
6 · 1011 4.34 · 109 0.1 2.16 1.5 · 1012 1.77 · 1011 0.1 2.37
6 · 1011 1.10 · 1010 0.2 2.71 1.5 · 1012 4.57 · 1011 0.2 3.03
6 · 1011 2.20 · 1010 0.4 3.52 1.5 · 1012 9.21 · 1011 0.4 3.99
6 · 1011 4.03 · 1010 0.6 4.72 1.5 · 1012 1.71 · 1012 0.6 5.41
6 · 1011 7.16 · 1010 0.8 6.48 1.5 · 1012 3.06 · 1012 0.8 7.49
6 · 1011 2.84 · 1011 1 15.4 1.5 · 1012 1.23 · 1013 1 18.0
6 · 1011 1.08 · 1012 1.5 38.4 1.5 · 1012 4.71 · 1013 1.5 45.1
6 · 1011 3.98 · 1012 2 97.1 1.5 · 1012 1.73 · 1014 2 114
6 · 1011 1.41 · 1013 2.5 245 1.5 · 1012 6.11 · 1014 2.5 287
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Figure 1: The dependence of the non-dimensional chemical potential β =
µe/kT , and the number of nucleons per one initial electron µ = 1 +
nn
np
, as a
function density ρ (g/cm3), for fixed values of temperature, T = 1010 K, in
the kinetic beta equilibrium with the ultrarelativistic pairs, in the nucleonic
plasma, with ∆np = 1.293 MeV (corresponding to 1.5 · 1010 K).
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Figure 2: Same as in Fig.1, for for fixed values of temperature, for fixed
values of temperature, T = 2 · 1010 K.
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Figure 3: Same as in Fig.1, for for fixed values of temperature, T = 6 ·1010 K.
For non-degenerate nucleons the density should not exceed 1.3 · 1013 g/cm3,
according to (15).
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Figure 4: Same as in Fig.1, for for fixed values of temperature, T = 2 ·1011 K.
For non-degenerate nucleons the density should not exceed 8.1 · 1013 g/cm3,
according to (15).
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Figure 5: Same as in Fig.1, for for fixed values of temperature, T = 6 ·1011 K.
For non-degenerate nucleons the density should not exceed 4.2 · 1014 g/cm3,
according to (15).
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Figure 6: Same as in Fig.1, for for fixed values of temperature, T = 1.5 · 1012
K. For non-degenerate nucleons the density should not exceed 1.7·1015 g/cm3,
according to (15).
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The results here are applied to the mater with non-relativistic and non-
degenerate nucleons. The Fermi momentum of neutrons (protons) pn (pp) in
a fully degenerate gas is written as [2]
pn,p
mn,pc
≈
(
ρn,p
6.2 · 1015g/cm3
)1/3
, (14)
and mn c
2 = 931.5MeV=k 5.4 · 1012K. It is evident from comparison with
(13), that nucleons are always nonrelativistic at the neutrinosphere. For
nonrelativistic, nondegenerate nucleons their Fermi energy EFe should be
less that 1.5kT . We have
EFe =
mnc
2
2
(
ρn
6.2 · 1015g/cm3
)2/3
, EFe =
3
2
kT (15)
at T = Td = 3.6 · 1010K
(
ρn
6.2 · 1012g/cm3
)2/3
.
It follows from the comparison with (13), that the temperature at the neutri-
nosphere Tν is always much larger than Td, so the approximation of nonrela-
tivistic and nondegenerate nucleons is always valid near the neutrinosphere.
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A Calculations of Fermi functions by a gen-
eralized Gauss method
Introducing a function
f(x, α) =
1
e−x + e−α
, (16)
let us represent the Fermi function Fn(α) as
Fn(α) =
∫
∞
0
f(x, α)xne−xdx. (17)
Gauss method of calculation of definite integrals suggest reducing it to an
algebraic relation, in which it is necessary to calculate the function f(x) inside
13
the integral in several number m of nodes, and calculate the sum of these
values in fixed nodes xi, with fixed coefficients Ai, i ≤ m. For a polynomial
function f(x) this method gives an exact value of the integral when the power
of the polynomial p ≤ 2m− 1. So there is a presentation
∫ 1
−1
f(x)dx =
m∑
i=1
Aif(xi), (18)
where the value of xi and Ai are calculated for number of nodes between
m = 2 and m = 96 in [1]. To calculate improper integrals with infinite upper
limits it is better to use a modified Gauss method, when the integrals with
different asymptotic behavior are calculated as
∫
∞
0
f(x)xne−xdx =
m∑
i=1
Anif(xni). (19)
The values of Ani and xni have been calculated in [3] for m = 5, n =
0, 1, 2, 3, 4, (see also [2]). The values for n =, 2 3, 4 are given in Tab.4.
The Fermi functions from (7), with f(x, α) from (16), are represented as
F2(α) = 0.52092 · f(1.0311, α) + 1.0667 · f(2.8372, α)+
+ 0.38355 · f(5.6203, α) + (20)
+0.028564 · f(9.6829, α) + 2.6271 · 10−4 · f(15.828, α),
F3(α) = 1.2510 · f(1.4906, α) + 3.2386 · f(3.5813, α)+
+ 1.3902 · f(6.6270, α) + (21)
+0.11904 · f(10.944, α) + 1.2328 · 10−3 · f(17.357, α),
F4(α) = 4.1856 · f(1.9859, α) + 12.877 · f(4.3417, α)+
+ 6.3260 · f(7.6320, α) + (22)
+0.60475 · f(12.188, α) + 6.8976 · 10−3 · f(18.852, α),
After calculation of I2 and J2 in (7), the values of Z, µ, T , ρ, are found as
Z = 3pi2
ρ
mp
(
h¯c
kT
)3
= (β3 + pi2β)
(
1 +
I2
J2
)
, (23)
µ = 1 +
I2
J2
, T =
∆
kx0
, ρ =
Zmp
3pi2
(
kT
h¯c
)3
.
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Table 4: Roots and coefficients for calculating integrals (19) withm = 5, n =
2, 3, 4, from [2].
Roots xi
and n = 2 n = 3 n = 4
coefficients Ai
x1 1.0311 1.4906 1.9859
x2 2.8372 3.5813 4.3417
x3 5.6203 6.6270 7.6320
x4 9.6829 10.944 12.188
x5 15.828 17.357 18.852
A1 0.52092 1.2510 4.1856
A2 1.0667 3.2386 12.877
A3 0.38355 1.3902 6.3260
A4 0.028564 0.11904 0.60475
A5 2.6271(-4) 1.2328(-3) 6.8976(-3)
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